Abstract: Modulation model of radar backscatters is an important topic in the remote sensing of oceanic internal wave by synthetic aperture radar (SAR). Previous studies related with the modulation models were analyzed mainly based on the hypothesis that ocean surface waves are Gaussian distributed. However, this is not always true for the complicated ocean environment. Research has showed that the measurements are usually larger than the values predicted by modulation models for the high frequency radars (X-band and above). In this paper, a new modulation model was proposed which takes the third-order statistics of the ocean surface into account. It takes the situation into consideration that the surface waves are Non-Gaussian distributed under some conditions. The model can explain the discrepancy between the measurements and the values calculated by the traditional models in theory. Furthermore, it can accurately predict the modulation for the higher frequency band. The model was verified by the experimental measurements recorded in a wind wave tank. Further discussion was made about applicability of this model that it performs better in the prediction of radar backscatter modulation compared with the traditional modulation model for the high frequency band radar or under lager wind speeds.
Introduction
Internal waves usually result from the sharp density change occurring along the interface of the stratified density structure of the two fluids and travel with the interior of a fluid [1] . In the process of SAR imaging of internal waves, the internal wave firstly induce the variable current. Then, the current will directly interact with the surface waves, which results in the modulation of the radar backscatters [2] . Therefore, modulation model building is very crucial for the study of interaction between the radar backscatter and internal wave.
Many joint experiments, such as SAXON-FPN [3] (the Synthetic Aperture Radar and X Band Ocean Nonlinearities-Forschungs-platform Nordsee), JOWIP [4] (Joint Canada-U.S. Ocean Wave Remote Sens. 2017, 9, 501 3 of 15 The surface roughness spectrum is defined as the Fourier transform of the correlation of ocean surface wave [23] , that is,
where σ 2 ρ(ξ, ζ) is the second-order statistics of the surface wave z(x, y) and can be calculated by Equation (2) , ρ(ξ, ζ) is the correlation function of surface wave, and σ 2 is the variance of the surface wave height:
where the · stands for the ensemble average. Incorporating a non-Gaussian distribution of the surface wave height results in a difference between radar backscatters recorded downwind and upwind [24] . The skewness function s(ξ, ζ; τ, ς) represents the distribution of the surface skewness coefficient [23] .
It is commonly used to measure the departure from symmetry and can be calculated by z(x, y)z(x + ξ, y + ζ)z(x + τ, y + ς) = σ 3 s(ξ, ζ, τ, ς).
The Fourier transform of the bicorrelation function σ 3 s(ξ, ζ, τ, ς) is the bispectrum, that is, B k x , k y ; k x , k y = 1 16π 4 σ 3 s(ξ, ζ; τ, ς) exp −jk x ξ − jk y ζ − jk x τ − jk y ς dξdζdτdς.
It is a function of four variables. Two special cases were considered in the following calculation of the model. When τ = ξ, ς = ζ, we can get z(x, y)z 2 (x + ξ, y + ζ) = σ 3 s(ξ, ζ). For the case τ = ς = 0, we can get z 2 (x, y)z(x + ξ, y + ζ) = σ 3 s(−ξ, −ζ). We can decompose the skewness function into two parts, the symmetric part s s (ξ, ζ) and the asymmetric part s a (ξ, ζ), as
s a (ξ, ζ) = s(ξ, ζ) − s(−ξ, −ζ) 2 .
The bispectrum is the Fourier transform of s(ξ, ζ) and can be written as B k x , k y = B s k x , k y + jB a k x , k y = 1 2π σ 3 s(ξ, ζ)e −jk x ξ−jk y ζ dξdζ = 1 2π σ 3 s a (ξ,ζ)+s a (ξ,ζ) 2 e −jk x ξ−jk y ζ dξdζ ,
where
They present the symmetric and asymmetric property of the random ocean surface waves, respectively. Radar backscatters of the ocean surface can be further calculated (see Appendix A) by the theory of electromagnetic scattering [23] . That is,
where k is the wavenumber of the radar, Γ pp is the coefficient defined as [23] , k z = 2k cos θ, and k x = 2k sin θ. From Equation (9), we can see that the radar backscatter σ 0 pp is a weighted value of the contribution of the second-order statistics σ 2 ρ(ξ, ζ) and the third-order statistics σ 3 s a (ξ, ζ). The coefficient of the contribution is related to the k z and σ.
Modulation Transfer Function of Radar Backscatter by Internal Wave
To simplify the following analysis, we name the modulation model that only considers the contribution of second-order statistics of ocean surface IEM2 model. The model with consideration of third-order statistics is called the IEM3 model.
Defining η(ξ, ζ) = exp 4k 2 z σ 2 ρ(ξ, ζ) + j8k 3 z σ 3 s a (ξ, ζ) − 1, we can get its Fourier transform as
Therefore, Equation (9) can be rewritten as
We can get the modulation transfer function of radar backscatter by internal wave, that is,
where σ 0 pp and Q(2k x , 0) are the modulated radar backscatter and the spectrum, respectively. Q 0 (2k x , 0) is the background spectrum without modulation of internal waves.
For the case that the ocean surface is a Gaussian distribution, there will be no third-order component existing, s a (ξ, ζ) = 0, and the radar backscatter is only attributed to the second-order statistics, Equation (9) can be rewritten as
We can find that Equation (13) is the same with the expression in [25] . Similarly, the modulation of radar backscatter by internal wave can be obtained:
where σ 0 pp and W(2k x , 0) are the modulated radar backscatter and the spectrum, respectively. W 0 (2k x , 0) is the background spectrum without modulation of internal waves.
We can see that Equations (12) and (14) are exactly the same when the ocean surface is Gaussian distributed. The contribution of third-order statistics can be ignored as long as j8k 3 z σ 3 s a (ξ, ζ) 4k 2 z σ 2 ρ(ξ, ζ) according to Equations (10)- (12) . However, the value of k z usually becomes larger for the high frequency band radar that has a large wave number k, and s a (ξ, ζ) = 0 for the case of high wind speeds, which is likely resulting in the asymmetric distribution of the ocean surface. In this situation, the modulation of radar backscatter should include the contribution of third-order statistics. Therefore, it can explain the discrepancy between the measured radar backscatter and values calculated by traditional modulation models that only take the second-order statistics into consideration.
Experimental Validation of the Model
We used the data of wind-wave tank experiment to validate the model proposed in Section 2. Experiments were carried out in a large wind-wave tank filled with stratified water. The tank is 12 m × 1.2 m × 1.2 m shown as Figure 1 . Wind waves and internal wave were generated to simulate the condition of ocean surface.
We used the data of wind-wave tank experiment to validate the model proposed in Section 2. Experiments were carried out in a large wind-wave tank filled with stratified water. The tank is 12 m × 1.2 m × 1.2 m shown as Figure 1 . Wind waves and internal wave were generated to simulate the condition of ocean surface. 
Experiment Description
X-/Ka-band radars and CCD were employed in experiments to record the modulation of reflected microwave signals by internal waves. Specifications of radar system are listed in Table 1 . The CCD array has high spatial and temporal resolution. It was used to record the information of surface waves in the tank. As the optical system, it can obtain the wave slope by retrieving the intensity of reflected light from the water surface. Specifications of the CCD are listed in Table 2 . 
X-/Ka-band radars and CCD were employed in experiments to record the modulation of reflected microwave signals by internal waves. Specifications of radar system are listed in Table 1 . The CCD array has high spatial and temporal resolution. It was used to record the information of surface waves in the tank. As the optical system, it can obtain the wave slope by retrieving the intensity of reflected light from the water surface. Specifications of the CCD are listed in Table 2 . Radar system and CCD array are shown in Figure 2 . Experiments were carried out under different experimental conditions. Table 3 shows the wind, internal wave and fetch parameters used during the experiments. w U is the wind speed measured in the air channel, and its corresponding 10 m wind speed is 10 U . D is the depth of the water. F is the fetch where the surface waves were recorded. i D is the depth of the internal wave. 
Experimental Data Processing
According to Bragg scattering theory [21] and parameters listed in Table 1 , the frequencies of surface Bragg waves should be 11.3 Hz (X-band) and 61.8 Hz in theory. Moreover, the surface current and the orbital velocity of long surface wave which can be estimated by Experiments were carried out under different experimental conditions. Table 3 shows the wind, internal wave and fetch parameters used during the experiments. U w is the wind speed measured in the air channel, and its corresponding 10 m wind speed is U 10 . D is the depth of the water. F is the fetch where the surface waves were recorded. D i is the depth of the internal wave. 
According to Bragg scattering theory [21] and parameters listed in Table 1 , the frequencies of surface Bragg waves should be 11.3 Hz (X-band) and 61.8 Hz in theory. Moreover, the surface current and the orbital velocity of long surface wave which can be estimated by V c = 0.6u * Ref. [26] also result in Doppler frequency shifts of 5.2 Hz and 20.3 Hz for the X-band and Ka-band radar, respectively. Figure 3 shows the Doppler spectrum of radar measured in the experiment at wind speed 4 m/s. It is reasonable that the center of the Doppler frequencies are mainly concentrated around 17 Hz(X) and 78 Hz (Ka) before the internal wave generated (200 s-400 s). Experiments were carried out under different experimental conditions. Table 3 shows the wind, internal wave and fetch parameters used during the experiments. w U is the wind speed measured in the air channel, and its corresponding 10 m wind speed is 10 U . D is the depth of the water. F is the fetch where the surface waves were recorded. i D is the depth of the internal wave. 
According to Bragg scattering theory [21] and parameters listed in Table 1 , the frequencies of surface Bragg waves should be 11.3 Hz (X-band) and 61.8 Hz in theory. Moreover, the surface current and the orbital velocity of long surface wave which can be estimated by We can also see that an interference frequency about 7 Hz was shown in Figure 3 . It is caused by the echo data of water surface related to the antenna sidelobe. Therefore, we made the filtering in frequency domain in the following data processing.
The surface wave height can be obtained by integrating the surface slope recorded by CCD array. Figure 4a shows the water surface wave height recorded in 1 s. Figure 4b is the wave spectrum measured at different wind speeds. We can see that the spectrum increases with the increasing wind speed.
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We can also see that an interference frequency about 7 Hz was shown in Figure 3 . It is caused by the echo data of water surface related to the antenna sidelobe. Therefore, we made the filtering in frequency domain in the following data processing.
(a) (b) 
Results of Experiments and Discussion

Comparison between Radar Measurements and Values Calculated by Models
Given the high spatial and temporal resolution of CCD array, we took CCD data as the input of modulation models to calculate the theoretic value. Radar systems used in the experiments were not calibrated. Therefore, we cannot measure the absolute value of radar backscatters. In the further data processing, we only calculate the change of the radar backscatter modulated by the internal wave.
Results of the IEM2 model, IEM3 model and contribution of the bispectrum were compared with the radar data as shown in Figure 5 . The 10 m wind speed is 5.2 m/s. Internal solitary wave passed by the observing area at 500 s.
From Figure 5a , we can see that IEM2 modulation model can predict the modulation well for X-band radar. However, the value predicted by IEM2 modulation model for Ka-band radar shown in Figure 5b is smaller than the measured value about 5 dB. As has been analyzed before, IEM2 modulation model only takes the second-order statistics of the ocean surface into consideration. It seems that the IEM2 model is not suitable for high frequency band radar. Moreover, the modulation of Ka-band radar backscatter shown in Figure 5f is larger than the X-band radar backscatter as shown in Figure 5e according to the measured radar data and the values calculated by the IEM3 model. This may result from the contribution of breaking waves or bound waves that commonly have a small wave length. They usually exist in the front of the long waves, resulting in the asymmetric distribution of the ocean surface. Therefore, it is reasonable that modulation of Ka-band radar calculated by IEM3 is larger than the result of IEM2, even larger than the modulation of X-band. 
Results of Experiments and Discussion
Comparison between Radar Measurements and Values Calculated by Models
From Figure 5a , we can see that IEM2 modulation model can predict the modulation well for X-band radar. However, the value predicted by IEM2 modulation model for Ka-band radar shown in Figure 5b is smaller than the measured value about 5 dB. As has been analyzed before, IEM2 modulation model only takes the second-order statistics of the ocean surface into consideration. It seems that the IEM2 model is not suitable for high frequency band radar. Moreover, the modulation of Ka-band radar backscatter shown in Figure 5f is larger than the X-band radar backscatter as shown in Figure 5e according to the measured radar data and the values calculated by the IEM3 model. This may result from the contribution of breaking waves or bound waves that commonly have a small wave length. They usually exist in the front of the long waves, resulting in the asymmetric distribution of the ocean surface. Therefore, it is reasonable that modulation of Ka-band radar calculated by IEM3 is larger than the result of IEM2, even larger than the modulation of X-band. Remote Sens. 2017, 9, 501 8 of 15 The IEM2 model describes the contribution of surface roughness spectrum of the ocean. On the contrast, modulation calculated by IEM3 model is a weighted sum of second-order statistics (surface roughness spectrum) and third-order statistics (bispectrum) according to Equation (10) . Contribution of bispectrum was compared with the radar data in Figure 6c ,d. We can see that the contribution of bispectrum is larger than the surface roughness spectrum for Ka-band radar from Figure 6b ,d. The IEM2 model describes the contribution of surface roughness spectrum of the ocean. On the contrast, modulation calculated by IEM3 model is a weighted sum of second-order statistics (surface roughness spectrum) and third-order statistics (bispectrum) according to Equation (10) . Contribution of bispectrum was compared with the radar data in Figure 6c ,d. We can see that the contribution of bispectrum is larger than the surface roughness spectrum for Ka-band radar from Figure 6b, Figure 6 shows the results at wind speed 6.9 m/s. Compared with Figure 5 , the relaxation rates of the surface waves increase with the increasing wind speed. Correspondingly, the modulation of the intensity of the radar decreases about 3 dB for X-band radar and 5 dB for Ka-band radar. The modulation estimated by IEM2 model can hardly be recognized as shown in Figure 6a ,b. It was submerged under the signals of background and, as a consequence, the internal wave cannot be Figure 6 shows the results at wind speed 6.9 m/s. Compared with Figure 5 , the relaxation rates of the surface waves increase with the increasing wind speed. Correspondingly, the modulation of the intensity of the radar decreases about 3 dB for X-band radar and 5 dB for Ka-band radar. The modulation estimated by IEM2 model can hardly be recognized as shown in Figure 6a ,b. It was submerged under the signals of background and, as a consequence, the internal wave cannot be detected. On the contrast, predicted values of IEM3 model as shown in Figure 6e ,f are closer to the radar data, which implies that the third-order statistics become increasingly important with the wind speed increasing.
Relation between Modulation Depth of Radar Backscatter and Wind Speeds
In this section, we will further discuss the modulation of high frequency band radar by internal waves at different wind speeds. To quantify the modulation, we introduce a new parameter modulation depth ∆M defined as
where σ 0 is the backscatter coefficient of background, σ max and σ min are the maximum and minimum of the radar backscatter coefficient modulated by internal wave, respectively. We used the data recorded in the experiments at different wind speeds ranging from 4.1 m/s to 8.6 m/s and made the statistics.
Results were compared with the predicted value of IEM2 and IEM3 models shown as in Figure 7 .
Remote Sens. 2017, 9, 501 10 of 15 detected. On the contrast, predicted values of IEM3 model as shown in Figure 6e ,f are closer to the radar data, which implies that the third-order statistics become increasingly important with the wind speed increasing.
In this section, we will further discuss the modulation of high frequency band radar by internal waves at different wind speeds. To quantify the modulation, we introduce a new parameter modulation depth M Δ defined as We can see that all of the modulation depth measured by X-/Ka-band radar shows a decrease with increasing wind speed. It is similar for the predicted values calculated by modulated models except for Ka-band at 4.1 m/s. This is reasonable for the increasing wind speed corresponding to small relaxation rates [27, 28] of the surface Bragg waves. As a result, the effect of internal wave on surface wave spectrum decreases and results in small modulation depth.
Modulation depth calculated by the IEM3 model is superior to the results of the IEM2 model compared with the experimental measurements. The difference between them is more obviously for Ka-band than X-band. It is reasonable that Ka-band corresponds to a large z k and the contribution of third-order statistics has a large impact on the total scatters. As for the value calculated at wind speed 4.1 m/s for Ka-band radar, this might be accounted for the few Bragg waves existing at low wind speed and the scatters mainly attributed to other sources, that is, multi-scattering or wedge scattering [29] , which is not considered in the IEM3 model.
The predicted values by IEM2 of X-band and Ka-band are very close at wind speed larger than 4.1 m/s. However, the modulation depth of X-band is smaller than the Ka-band predicted by IEM3. With the increasing wind speed, the contribution of bispectrum increases especially for the higher band radar. We can see that all of the modulation depth measured by X-/Ka-band radar shows a decrease with increasing wind speed. It is similar for the predicted values calculated by modulated models except for Ka-band at 4.1 m/s. This is reasonable for the increasing wind speed corresponding to small relaxation rates [27, 28] of the surface Bragg waves. As a result, the effect of internal wave on surface wave spectrum decreases and results in small modulation depth.
Modulation depth calculated by the IEM3 model is superior to the results of the IEM2 model compared with the experimental measurements. The difference between them is more obviously for Ka-band than X-band. It is reasonable that Ka-band corresponds to a large k z and the contribution of third-order statistics has a large impact on the total scatters. As for the value calculated at wind speed 4.1 m/s for Ka-band radar, this might be accounted for the few Bragg waves existing at low wind speed and the scatters mainly attributed to other sources, that is, multi-scattering or wedge scattering [29] , which is not considered in the IEM3 model.
The predicted values by IEM2 of X-band and Ka-band are very close at wind speed larger than 4.1 m/s. However, the modulation depth of X-band is smaller than the Ka-band predicted by IEM3. With the increasing wind speed, the contribution of bispectrum increases especially for the higher band radar.
Conclusions
In this paper, the discrepancy between traditional modulation model and the measurements of high frequency band radars are addressed. Based on the third-order statistics of ocean surface, a modulation model of high frequency band radar backscatters by internal wave was proposed. It takes the non-Gaussian distribution of the ocean surface into consideration.
Data of experiments conducted in a wind-wave tank was employed to evaluate performance of the proposed model. Modulation depth of radar backscatter coefficients were calculated based on the IEM model and compared with the measured results by X-/Ka-band radar. The IEM3 model that considers the third-order statistics shows a better consistency with the radar data than the IEM2 model. Further processing and analysis to the model were made and showed that the third-order statistics of ocean surface are more important to the high frequency band radar. The relation between modulation depth and wind speed are also given. The larger radar frequency as well as the wind speed corresponds to a greater weight to third-order statistics in the radar backscatters modulated by internal waves. For the Ka-band radar, there are some other scattering mechanisms at low wind speed, which will be explored in future studies.
This proposed model can be applied to high frequency band SAR imaging of internal waves. It can enhance the image quality and show more information. Furthermore, it can be used in other SAR's marine applications such as the imaging of sea bottom topography and eddies, since they consist of similar imaging mechanisms. 
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Appendix A. Radar Backscatter Coefficient Function
Radar backscatter coefficient is a function of average receiving power p pp . It can be simplified by using IEM. Details are shown as follows: 
where E s pp is the scattering electromagnetic field given by [20] . The right of Equation (A1) consists of three parts, and they are 
where E 0 is the average transmitting power, C = −jke −jkR /4πR,. Therefore, the first item of Equation (A2) can be expressed as
